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$PSL_{2}\mathbb{C}$ $a,b$ $\sim$b , $PSL_{2}\mathbb{C}$ 2
$G=\langle a,b\rangle$








3 (4 ) . 4
[1], - [12], - - [2] [4] .
2
2.1 2
$M\ddot{o}b^{+}(\hat{\mathbb{R}}^{\theta})$ 2 . $M\text{\"{o}} b^{+}(R^{2})$ $PSL_{2}\mathbb{C}$ $\mathbb{C}\simeq R^{2}$
. $\mathbb{C}$ .




$\sim$ II $\circ$ . $\mathbb{H}$ $ff\downarrow\#$ $PJ$ $\Re$ . $x=x_{0}+x_{1}i+x\dot{v}+x_{3}k\in lI$ ,
${\rm Re}(x)=x0$ $x$ , ${\rm Im}(x)=x_{1}i+x_{2}j+x_{3}k$ $x$ , $\vec{x}=x0-x_{1}i-x_{2}j\sim x_{3}k$ $x$
. $|x|=v\sqrt{x\tilde{x}}$ $x$ .
$i,j,$ $k$ $i^{2}=j^{2}=k^{2}=ijk=-1$ . $ij=-ji$ Ii ,
$x\in \mathbb{H}-\{0\}$ $x^{-1}=\overline{x}/|x|^{2}$ , $\mathbb{H}$ .
II $E^{3}:=\{x_{0}+x_{1}i+x2j|x0,x_{1},x_{2}\in R\}$ $R^{3}$ , $\{x0+xii|x_{0},x_{1}\in \mathbb{R}\}$ $\mathbb{C}\simeq R^{2}$
.
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Deflnition 2. $x=x_{0}+x_{1}i+x_{2}j+x_{3}k\in$ II , $x$ $k$
$x^{*}=-kXk=x_{0}+x_{1}i+x_{2}j-x_{3}k$ $x$ (Clifford transpose) .
$E^{3}=\{x\in H|x^{*}=x\}$ . ,
$RP^{1}:=\{(\begin{array}{l}xy\end{array})R|(\begin{array}{l}xy\end{array})\in R^{2}-\{0\}\}$
( ) . . $IiP^{1}\ni(\begin{array}{l}xl\end{array})nrightarrow x\in$ Ii, $(\begin{array}{l}10\end{array})IIrightarrow\infty$ $\ddagger IP^{1}\simeq$ HU $t\infty$ }
. $\hat{E}^{3}:=E^{3}\cup\{\infty\}$ .
Lemma 1.
$g^{3_{=}}\{v\in HP^{1}|\iota_{\overline{v}}(\begin{array}{ll}0 -kk 0\end{array})v=0\}$ .
Pmof. $v=(\begin{array}{l}10\end{array})$ Ii $\simeq\infty$ ’ ${}^{t}\overline{v}(\begin{array}{ll}0 arrow kk 0\end{array})v=0$ .
$v\in E^{3}$ , $x\in E^{3}\Leftrightarrow x=x^{*}$
$-klk-x=0$
$\overline{x}k-kx=0$
$t\overline{(\begin{array}{l}xl\end{array})}(\begin{array}{ll}0 -kk 0\end{array})(\begin{array}{l}x1\end{array})=0$ .
I
1 ${}^{t}Z(\begin{array}{ll}0 -kk 0\end{array})A=(\begin{array}{ll}0 -kk 0\end{array})$ $A\in M_{2}II$ II$P^{}$
$(\begin{array}{ll}a bc d\end{array})v:=\{\begin{array}{ll}(av+b)(\alpha\prime+d)^{-1} for v\in H,ac^{-1} for v=\infty.\end{array}$
$E^{3}$ .
Definitlon 3. $GL_{2}II=\{M\in M_{2}II|\det_{\iota}M\neq 0\}$ ,
$Sp^{K}(1,1):=\{A\in GL_{2}\ddagger i|{}^{t}ZKA=K,$ $K=(\begin{array}{ll}0 -kk 0\end{array})\}$ .
Lemma 2. $A=(\begin{array}{ll}x yz w\end{array})\in Sp^{K}(1,1)$ ,
1. $A^{-1}=(\begin{array}{ll}w^{*} -y^{*}-z^{*} x^{*}\end{array})$ .
2. $xw^{*}-yz^{*}=w^{*}x-y^{*}z=1$ .
S. $xy^{r}=yx^{*},$ $zw^{*}=wz^{*},$ $z^{*}x=x^{*}z,$ $w^{*}y=y^{*}w$ .
.
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Proof. Sp$K(1,1)$ $A^{-1}=K^{-1}({}^{t}\overline{A})K$ . $K^{2}=I$ $K^{-1}=K$
$A^{arrow 1}=(\begin{array}{ll}0 -kk 0\end{array})(\begin{array}{ll}\varpi \overline{z}\overline{y}\overline{w} \end{array})(\begin{array}{ll}0 -kk 0\end{array})$
$=(\begin{array}{ll}w^{*} -y^{*}-z^{*} x^{r}\end{array})$ .
$AA^{-1}=(\begin{array}{ll}x yz w\end{array})(\begin{array}{ll}w^{*} -y^{*}-z^{*} x^{*}\end{array})$
$=(\begin{array}{lll}xw^{J} -yz^{*} -xy^{l}+yx^{*}zw^{*}-wz^{*} -zy^{*}+wx^{*}\end{array})=(\begin{array}{ll}1 00 l\end{array})$ ,
$A^{arrow 1}A=(\begin{array}{ll}w^{*} arrow y^{*}-z^{*} x^{*}\end{array})(\begin{array}{ll}x yz w\end{array})$
$=(\begin{array}{ll}w^{*}x-y^{r}z w^{*}y-y^{*}w-z^{*}x+x^{*}z -z^{*}y+x^{*}w\end{array})=(\begin{array}{ll}l 00 l\end{array})$
. I
, $M\ddot{o}b^{+}(\hat{R}^{n})$ 2 $x2$ [Vahlen
$1\infty 2],[20]$ .
: $GL_{2}\mathbb{H}$
$GL_{2}H$ M2H $\iota$, $R\ovalbox{\tt\small REJECT} 2p\urcorner$ , $(\begin{array}{ll}a bc d\end{array})\in M_{2}\ddagger I$
$bc$ . $(\begin{array}{ll}l ij k\end{array})$
lk-ij $=0$ , $\frac{1}{2}(\begin{array}{ll}l -j-i -k\end{array})$ .
, $\mathfrak{W}\pi\Re$ $\mathbb{C}$ 2 , $M_{n}fl$ $det$. $M_{2n}\mathbb{C}$
. Study [20, Section 6]. $M_{2}B$
,





Lemma S. 1. $x\epsilon H$ , $x^{2}-2{\rm Re}(x)x+|x|^{2}=0$ .
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2. $x,y\in H$ , ${\rm Re}(xy)={\rm Re}(yx)$ .
Proof. 1. $2{\rm Re}(x)=$ tr$(x),$ $|x|^{2}=\det x$
$x^{2}-$ $tr$$(x)x+\det(x)=O$ (1)
.
2. tr $(xy)=$ tr$(yx)$ .
1
3.1 Sp$\kappa_{(1,1)}$
Deflnition 4. $g\in M\ddot{o}b^{+}(\hat{R}^{3})$ , .
1. $g$ $\mathbb{R}+$ ,
2. $g$ $\hat{R}^{3}$ 1 ,
S. $g$ $\hat{R}^{3}$ 2 ,
.
2 $PSL_{2}\mathbb{C}\simeq M\ddot{o}b^{+}(\hat{R}^{2})$ . $SL_{2}\mathbb{C}\subset Sp^{K}(1,1)$
, . $R$
( ) . ,
.
Lemma 4. $A\in M_{2}H,$ $B\in GL_{2}H$ , ${\rm Re}$ tr$(AB)=$ Re tr$(BA)$ .
Proof. $x,y\in II$ $U(xy)={\rm Re}(yx)$ . 1
( ) .
Lemma 5. $(\begin{array}{ll}a bc d\end{array})\in Sp^{K}(1,1)$ , $|{\rm Im}(a+d^{*})|^{2}+4bc$ . t $b_{3},$ $cs$ $b,$ $c$
$k$ .
Proof. $A=(\begin{array}{ll}a bc d\end{array})\in$ Sp$K(1,1)$ , $A+A^{-1}=$
.
$(\begin{array}{ll}a+d^{*} b-b^{l}c-c^{*} a^{*}+d\end{array})\in M_{2}R$ , 4
Re tr$(A+A^{-1})^{2}$ $A$ . ,
$R\epsilon$ tr$(A+A^{-1})^{2}=4((Ile tr A)^{2}-(|{\rm Im}(a+F)|^{2}+4b_{8}c_{3}))$
Re tr $A$ $A$ $|{\rm Im}(a+d^{*})|^{2}+4b_{3}c_{3}$ $A$ . 1
[3] $|{\rm Im}(a+d^{*})|^{2}+4b_{3}c_{3}$
. , Cao-Parker-Wang [18] ( )
, . . $A+A^{-1}$ Study ,
$det.(A+A^{\sim 1})=||a+d\cdot|^{2}+4b_{8}c_{3}|^{2}$
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. Retr$(a+d)(=$ Re tr$(a+d^{*}))$ $|a+d^{*}|^{2}+4b_{3^{C}3}$ $Sp^{K}(1,1)$ Cayley-Hamilton
.
Proposition 1 ($Sp^{K}(1,1)$ Cayley-Hamilton ). $A=(\begin{array}{ll}a bc d\end{array})\in Sp^{K}(1,1)$ , $\tau A;=$
$A+A^{-1}=(\begin{array}{ll}a+d^{*} b-b^{*}c-c^{l} d+a^{t}\end{array})$ .
$\tau_{A}^{2}-2B\epsilon(a+d^{\triangleright})\tau A+(|a+d^{*}|^{2}+4b_{3}c_{3})I=O$ .
Proof. $x$ $x^{2}-2{\rm Re}(x)x+|x|^{2}=0$ , $t=a+d^{*}$ $\tau_{A}^{2}$
.
$\tau_{A}^{2}=$ $(2{\rm Re}(t_{4{\rm Re}(t)c_{3}k})t-|t|^{2}-4b_{S}c_{S}$ $2I\mathfrak{i}\epsilon(t)(t^{*})-|t^{*}|^{2}-4b_{3^{C}3}4{\rm Re}(t)b_{3}k)$ (2)
$=2Be(t)\tau_{A}-(|t|^{2}+4b_{33}c)I$ . (3)
1
${\rm Re}(a+d),$ $|{\rm Im}(a+d’)|^{2}+4b_{3}c_{3},$ $b_{3},$ $c_{S}$ $Sp^{K}(1,1)$ .
CaoeParker-Wang [18] . [3] [4]
.
Theorem 1. $g=(\begin{array}{ll}a bc d\end{array})\in$ SP$K(1,1)$ t tr’ $(g)=a+d^{*},$ $\Delta(g)=|{\rm Im}$ tr’ $(g)|^{2}+4b_{3^{C}3}$ .
y $b_{3},$ $cs$ $b,$ $c$ $k\mathfrak{N}$ . , $g$
1. $\Delta=b_{3}=c_{3}=0$ $|{\rm Re}$ tr $g|<2$ $g$ ( ) .
2. $\Delta=b_{3}=c_{3}=0$ $|{\rm Re}$ tr $g|=2$ 9 ( ) .
S. $\Delta=b_{3}=c_{3}=0$ $|{\rm Re}$ tr $g|>2$ $g$ ( ) .
4. $\Delta<0$ $\sim$ ( ) .
5. $\Delta=0$ $b_{3}\neq c_{3}$ $g$ ( ).
6. $\Delta>0$ $\sim$ ( ).
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Deflnition 5. $M\ddot{0}b^{+}(\hat{\mathbb{R}}^{s})$ $\Gamma$ $\Gamma$ $M\ddot{o}b^{+}(\hat{R}^{3})\simeq Sp^{K}(1,1)$
.
$M\ddot{o}b^{+}(\hat{R}^{3})$ $\Gamma$ 4 . 2 .
$\Gamma$ , $R^{3}$ $\Gamma$ , $\Lambda(\Gamma)$ .
.
Proposition 2 ( ). $M\ddot{o}b^{+}(\hat{R}^{2})\ni a,$ $b$ $a)\neq fix(b)$ ,
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, $G=\langle a,$ $b\rangle$ . $G=\langle a,$ $b\rangle$ $PSL_{2}\mathbb{C}$
$a=(\begin{array}{ll}l 0\sim 4 1\end{array}),$ $b=(\begin{array}{ll}1 10 l\end{array})$ .
. $G$ . $G$ .
Proof. PSL${}_{2}C$ $b$ $\infty$ , $b=(\begin{array}{ll}1 l0 l\end{array})$
. $\mathbb{C}$ $b$ $a$ $0$ . $z\in \mathbb{C}$
$a=(\begin{array}{ll}1 0z l\end{array})$ . $z$ .
$=(\begin{array}{ll}l 0z l\end{array})(\begin{array}{ll}1 10 1\end{array})=(\begin{array}{lll}l 1z z +l\end{array})$ .
$ab$ tr $ab=z+2=\pm 2$ . $z=0$ $a=I$
$z=-4$ . $G$ $SL_{2}Z$ ,
. I
$M\ddot{o}b^{+}(\hat{R}^{2})$ $a,$ $b$ ,
, $M\text{\"{o}} b^{+}(R^{1})$ .
, .
$\bullet$
$M\ddot{o}b^{+}(\hat{R}^{3})\ni a,$ $b$ (a) $\neq$ fix(b) ( ) , $ab$ , $G=\langle a_{2}b\rangle$
.
1. $G$ ?
2. $G$ ? ?
3. $\Lambda(G)$ ?
, .
$M\ddot{o}b^{+}(A^{s})$ $f$ $R^{\theta}$ .
$f$ . $\hat{R}^{\theta}$
$f$ .
Lemma 6. $a,$ $b$ , . $Sp^{K}(1,1)$
$a,b$
$a=(\begin{array}{ll}1 0z 1\end{array})e^{h\theta}.$ , $b=(\begin{array}{ll}1 l0 1\end{array})e^{k\theta\iota}$
. , $z\in R^{3},$ $e^{k\theta}=\infty s\theta+k\sin\theta$ $(d^{+k}\neq e^{k+j}$ ,
$\langle$ ).
Pmof. $b$ $\infty$ . $b$ $R^{\theta}$ . $R^{\theta}$
? $b$ i , $b=(\begin{array}{ll}1 10 1\end{array})\epsilon^{k\theta_{b}}$ . $a,$ $b$
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a .
$b$ , $a$ $0$ . $0$ $(\begin{array}{ll}l 0z 1\end{array}),$ $z=z^{*}$
. 1
Lemma 7. $a,$ $b\in$ Sp$K(1,1)$ , . ,
.
1. $ab$ .
2. $\phi\in[0,2\pi]$ , $z=z0+R\cos(\phi)i+R\sin(\phi)j$ . $R=$
$\sqrt{\sim z_{0}(z0+4)\{\sin^{2}(\theta_{a}+\theta_{b})\}},z0\in[arrow 4,0)$ $R=0$ $z=-4$ .
Proof. $a,$ $b$ 6 . ,
$ab=(\begin{array}{ll}1 0z 1\end{array})e^{h\theta_{a}}(\begin{array}{ll}1 10 1\end{array})e^{h\theta_{b}}$ (4)
$=(\begin{array}{lll}1 lz z +1\end{array})e^{k(\theta_{a}+\theta_{b})}$ . (5)
$ab$ . $\theta=\theta$ $+\theta_{b}$ ,
tr’ $ab=e^{k\theta}+((z+1)e^{k\theta})^{r}$
$=2\cos\theta+e^{-k\theta_{Z}}$
$=(2+z_{0})$ coe $\theta+i(z_{1}\cos\theta+z_{2}\sin\theta)+j(z_{2} coe \theta-z_{1}\sin\theta)-kz_{0}\sin\theta$ .
$k$ $\sin\theta,$ $z_{0}\sin\theta$ , $ab$
$\Delta(ab)=|{\rm Im}(tr*ab)|^{2}+4z_{0}\sin^{2}\theta$ (6)
$=(z_{1}\cos\theta+z_{2}sin\theta)^{2}+(z_{2} coe \theta-z_{1}\sin\theta)^{2}+(z_{0}\sin\theta)^{2}+4z_{0}\sin^{2}\theta$ (7)
$=z_{1}^{2}+z_{2}^{2}+(z_{0}^{2}+4z_{0})\sin^{2}\theta$ (S)
$=0$ (9)
. $z_{1},$ $z_{2}\in \mathbb{R}$ ,
$z_{1}^{2}+z_{2}^{2}=-(z_{0}^{2}+4z_{0})\sin^{2}\theta\geq 0$ . (10)
1. $\sin\theta=0$ .
(10) $z_{1}=z_{2}=0$ . , $ab$ $k$ $0$ $ab$ ,
$|B\epsilon$ $tr$ ( $ab$) $|=|(2+z_{0})\cos\theta|=|2+z_{0}|=2$ (11)
. , $z_{0}=0$ $z_{0}=-4$ . $z_{0}=0$ $z=0$
$a=(\begin{array}{ll}l 00 l\end{array})e^{k\theta_{Q}}$ , a $z_{0}=-4$ .
2. $\sin\theta\neq 0$ .
10 4 $\leq z_{0}\leq 0$ . , $z0=0$ $a$
$\tilde{4}0<0$ . $R=|\sin\theta|\sqrt{-z_{0}(4+z_{0})}$ , $\phi\in[0,2\pi]$
$z_{1}=R\cos\phi,$ $\approx 2=R\sin\phi$ .
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, . I
Lemma 8. Sp$K(1,1)F^{\vee}$. 7 $\phi$ .
Proof $p=(\begin{array}{ll}l 00 1\end{array})e^{k\lambda/2}$ $b$ . $pap^{-1}$
,
$pap^{-1}=(\begin{array}{ll}1 0e^{-k\lambda/2}ze^{k\lambda}/2 1\end{array})e^{k\theta_{a}}$ . (12)
$z\mapsto e^{k\lambda/2}ze^{-k\lambda/2}$
$\lambda$ , $\lambda$ $z\in \mathbb{C}$ . 1
$G=\langle a,$ $b\rangle$ , $\theta_{a},$ $\theta_{b}$ $=G(z_{0}, \theta_{a}, \theta_{b})$ .
$F_{2}=\langle\alpha,$ $\beta)$ 2 , $\rho$ : $F_{2}arrow M\ddot{o}b^{+}(\hat{R}^{3})$ $\rho(\alpha)=a$ $\rho(\beta)=b$
. $\rho$ $\rho(F_{2})=G(z\circ, \theta_{a}, \theta_{b})$ . $\rho$ , $\theta_{a},$ $\theta_{b}$ .
Deflnition 6. $\rho(F_{2})$ $\rho$ ( ) . $\rho$ $\rho$ .
$\mathcal{F}$ .
$\rho 0$ $\rho 0=\rho(-4,0,0)$ , $\rho o(\alpha)=(\begin{array}{ll}l 0-4 l\end{array}),$ $\rho o(\beta)=(\begin{array}{ll}l l0 l\end{array})$ .
Definition 7. $w\in F_{2}$ $\rho$ , $\rho_{0}(w)$ , $\rho(w)$ $\rho\in \mathcal{F}$ ,




$\rho(w)$ $w\in F_{2}$ .
1. $\rho(w)$ $\rho$ .
2. $\rho(w)$ $\rho$ ( $\rho(w)^{n}$
, ).
, $\rho(F_{2})$ $\rho$ , .
30 F2 , $\theta_{b}=0,$ $\theta$ $=\pi/2,$ $\theta$ $=0,$ $\theta$ $=\pi/2$








, $\pi$ . , $G(z_{0}, \theta_{a}, \theta_{b})$
.
Proposition S. $G(z0^{\theta_{a},\theta_{b})}=\langle a,$ $b\rangle$ , $a=PQ,b=PR$ 2
$P,Q,$ $R\in M\ddot{o}b^{+}(\hat{\mathbb{R}}^{3})$ .
Proof. $P=(\begin{array}{ll}i 00 arrow i\end{array})e^{k\theta_{\iota}}$ .
$tr$’ $P=ie^{k\theta_{u}}\sim e^{-k\theta_{a}}i=ie^{kth}-ie^{k\theta}=0$ . (13)
, $P+P^{-1}=O$ $P^{2}+I=O$ . $P$ 2
. $Q=P^{-1}a,$ $R=P^{-1}b$ 2 .
$Q=e^{-k\theta_{r}}(\begin{array}{ll}-i 00 i\end{array})(\begin{array}{ll}l 0z l\end{array})e^{k\theta_{\alpha}}$
$=e^{-h\theta_{r}}(\begin{array}{ll}-i 0iz i\end{array})e$
$z\in \mathbb{C}$ , $P$ $Q$ 2 .
$R=e^{-k\theta_{a}}(\begin{array}{ll}arrow i 00 i\end{array})(\begin{array}{ll}l l0 1\end{array})e^{k\theta_{b}}$
$=e^{-k\theta_{\alpha}}(\begin{array}{l}-i-ii0\end{array})e^{k\theta_{b}}$
$=(\begin{array}{l}-i-ii0\end{array})e^{h(\theta_{a}+\theta\iota)}$ .
$-ie^{k(\theta_{A}+\theta_{b})}$ $k$ $0$ , tr’ $R=0$ , $R$ 2 1
Proposition 4. $\Lambda(G)$ $\pi$ .
Proof. 3 $Pa=a^{-1}P,$ $Pa^{-1}=aP,$ $Pb=Pb^{-1},$ $Pb^{-1}=bP$ .
$g\in G$ , $g’\in G$ , $Pg\dot{P}=g’$ . flx$(g’)$ $P(flx(g))$ $\Lambda(G)$
$P$ . I
PSL${}_{2}C$ ( ) .
Proposition 5. $PSL_{2}\mathbb{C}$ $\langle a,$ $b\rangle$ , tr $(aba^{-1}b^{\sim 1})\neq 2$ $PaP=a^{-1},$ $PbP=$
$b^{\sim 1}$ 2 $P\in PSL_{2}\mathbb{C}$ .
Proof. $SL_{2}\mathbb{C}\ni A$ , $\det(Aarrow I)=2-$ tr $A$ ,
$\det$(ab–ba) $=\det(aba^{-1}b^{arrow 1}-I)\det(ba)=2-$ tr$(aba^{-1}b^{-1})$
tr$(aba^{-1}b^{-1})\neq 2$ $ba$ . $\tilde{P}=ab-ba$ tr $(\tilde{P})=0,tr(\tilde{P}a)=0$,tr$(\tilde{P}b)=0$




( Jrgensen , - - $arrow$ [13] ),
$G(z_{0}, \theta_{a}, \theta_{b})$ , Sp$K(1,1)$
, .
, 2007 9
( ), 2007 12
(
) . ( )
. ( ) .
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